This paper considers the low-frequency scattering by a circular dielectric cylinder and modifies the exact polarizability tensor to extend the valid region of the known low-frequency solution. When compared to the traditional formulation, the proposed solution is shown to be valid for cylinders with a higher dielectric constant and larger radius.
Introduction
The low-frequency scattering by a dielectric cylinder is one of the canonical problems in electromagnetic scattering, and has found many applications in various fields. Especially, in the remote sensing area of vegetation, a thin dielectric cylinder is widely used to model small twigs, needles, etc. Since so many needles or small twigs generally exist even in one small tree, the scattering from a thin cylinder plays a very important role in the total scattering or attenuation due to vegetation. However, an exact solution is not yet known for this type of structure, thus two approximate solutions are usually used [1] , [2] : the well-known Rayleigh-Gans solution for low-frequency scattering [2] , and an approximate solution based on a known exact current representation (eigen-series) of an infinite cylinder [1] , [3] . The RayleighGans formulation is simple, yet has a limited range of applications [2] . On the other hand, the eigen-series solution can be applied to any long cylinder, yet the computational complexity is much higher than with the low-frequency formula. As such, when considering the number of cylinders that need to be taken into account in vegetation, the eigenseries formulation is computationally very inefficient, while the Rayleigh-Gans formulation rapidly exceeds its valid region with an increasing frequency. Therefore, another scattering formulation is required to improve the accuracy of the scattering model for vegetation, while maintaining a low computational complexity. Accordingly, in this paper, the exact polarizability tensor of a thin cylinder is modifed to improve the accuracy over a much wider range of dielectric constants and radii for a cylinder than the conventional Rayleigh-Gans formulation. In this paper e −iωt is assumed and suppressed. 2. Formulation Figure 1 shows the problem geometry where a finite cylinder is located along the z-axis, and the length, radius, and dielectric constant of the cylinder are l, a, and ε r , respectively.
If the ratio of the length to the radius of the cylinder is very large, the polarization current inside the finite cylinder can be approximated based on the current inside an infinite cylinder with the same dielectric constant [1] , [3] . When the radius of the cylinder (k 0 a) is very small, the polarization current J, can be approximated as a constant. Therefore, based on a volume integral equation, J can be simply expressed in a closed form as
where E i is the incident wave, Y 0 is the free-space admittance,P is known as the polarizability tensor, andḠ(·) is the 2-D free-space dyadic Green's function given by [1] Fig. 1 Plot of forward scattering as a function of real or imaginary parts of dielectric constant. Two situations are considered: where the real part of the dielectric constant is varied with a fixed imaginary part, 0, and where the imaginary part is varied with a fixed real part, 1.1. For the two situations, two radii are considered and the cylinder length is fixed at 2λ.
where [4] . Then, the integral with respect to ϕ can be performed analytically, thereby reducing the double integral to a single integral as
where J 0 (·) is a Bessel function of the first kind of zero order. Using the integral identity [4] ,
, where F ν (·) is a Bessel function, the two integrals in (2) can be performed analytically as
Using the above integrals and the Wronskian relationship for Bessel functions, (2) can be simplified as
Since the polarization current is assumed a constant, (3) should be rewritten in a form that is not a function of ρ. Using the small argument expansion of the Bessel function, (3) can be approximated as
Based on (3), the other elements inP can be easily calculated. For example, the term 
Following a similar procedure for the other derivatives, the components of the polarizability tensor can be obtained as
Using the small argument expansion of the Hankel function, (5) can be reduced to a known exact formula [2] as
In the far-field region, the field scattered by a finite thin cylinder can be easily calculated based on (5) [2] .
Numerical Results
To verify the proposed formulation, the eigen-series solution was used as the reference solution, which is very accurate if the ratio of the length to the radius of the cylinder is very large [3] . For the simulation, l and ϕ i were fixed at 2λ and 180
• , respectively, and the calculated scattering
where k s was the unit vector between the center of the cylinder and an observation point and sinc (x) = sin (x)/x. For simplicity, only co-polarizations, E y for h-pol. and E x and E z for v-pol., were plotted. Figure 1 shows a comparison of the forward scattering calculated by the eigen-series, RayleghGans (6), and proposed formulation (5), as a function of the real or imaginary parts of the dielectric constant of the cylinder. In this simulation, the incident angle θ i was set at 30
• , and four different cases were considered. In two cases the scattering was calculated as a function of the real part of the dielectric constant with a fixed imaginary part 0, considering two different radii, a = λ/40 and a = λ/20. In Fig. 2 Plot of forward scattering as a function of incident angles with two dielectric constants, ε r = 2 + i and ε r = 9 + i5. The cylinder length and radius are fixed at 2λ and λ/20, respectively. the other two cases, the imaginary part of the dielectric constant was varied while the real part was fixed at 1.1 with the same two radii as above. As seen in the figure, the proposed formulation was more accurate than the Rayleigh-Gans solution for a wider range of dielectric constants. Especially, when the cylinder was lossy, the proposed solution provided very accurate results for a cylinder with a very large dielectric constant and large radius. The next figure shows the same comparison as a function of the incident angles. In this simulation, the radius was fixed a = λ/20, the observation points were located in the forward direction again, and two dielectric constants were considered: ε r = 2 + i and ε r = 9 + i5. As expected, the proposed formulation was more accurate especially for near-grazing incidence angles.
Conclusions
This paper formulated a new polarizability tensor for a thin circular cylinder based on a volumetric integral equation. When the radius of the cylinder is very small, the proposed tensor is reduced to the exact tensor. Simulations were conducted to compare the proposed formulation with known solutions for the scattering by a long circular cylinder. The results confirmed that the accuracy of the proposed formulation covered a wider range of dielectric constants and larger radii for cylinders than the traditional Rayleigh-Gans solution.
